For elastic-plastic contacts, we propose a complete description of the plastic strain field beneath the indenter during indentation and scratch with a spherical indenter (with R, the tip radius), as a function of the testing conditions, defined by the geometrical strain, noted a/R (with a, the contact radius), and the local friction coefficient m loc . The main parameter of the description is the level of the plastic deformation imposed during test into amorphous polymeric surfaces, related in first approximation to the ratio a/R. An equivalent average plastic strain, noted (e p ) av , is calculated over a representative plastically deformed volume, both for indentation and scratch tests. The equivalent average plastic strain (e p ) av , is observed to increase with the ratio a/R, as predicted by the empirical Tabor's rule, but also with the local friction coefficient m loc for a given ratio a/R, especially during scratching. The plastic zone dimensions and the plastic strain gradient developed beneath the moving tip are shown to depend both on the geometrical strain a/R and also on the friction coefficient m loc .
I. INTRODUCTION
Because of their much desired properties, polymer thin films and bulk polymeric materials are increasingly used for many applications in industry, for example, as interior and exterior materials in the automobile industry and as replacement for many metals parts. For automotive applications, it is well known that good appearance is a key attribute. However, good appearance is directly related to the scratch and mar resistance of surfaces, and relationships between appearance attributes and surface deformation are poorly understood. Hence, single-probe testing techniques, including indentation and scratch tests, are widely used now in studying tribological and mechanical properties of polymeric materials and coatings. However, these different mechanical tests on polymeric surfaces have been used with limited success and primarily for qualitative comparisons and quality control. Indeed, mechanical behavior of polymers appears to be more complex than metals or ceramics, due to their high sensitivity to temperature (ranging from À20 to 100 C) and to strain rate. Moreover, scratch and mar behavior is not only related to the surface properties but also to the associated loading conditions, such as the tip geometry, scratch velocity, loading rates during indentation, and scratch phases. However, even if the number of indentation and scratch test variables is important, robust methods to identify the effective and local rheological properties at the micrometer and submicrometer length scales are needed, for a better understanding of the frictional, abrasive, and scratch resistance of polymeric surfaces.
The main problem when using a single-probe indentation or scratch system is the determination of the true contact depth h c and then the true contact area A c with sufficient accuracy. In the case of hard materials (with high ratio E/s y ), analytical models have been developed for purely elastic and elastic-plastic contacts during indentation with conical, pyramidal, or spherical indenters. 1, 2 For scratch experiments, only purely elastic and fully plastic contacts are more or less well described, especially for pyramidal or wedge indenter geometry. 3, 4 Recently, Gauthier and Schirrer 5 developed a specific microindentation and microscratch tester, adapted to the mechanical characterization of amorphous transparent polymers, such as thermoplastic or thermoset resins. This single-probe indentation and scratch device allows in situ observations both of the contact area between the static (indentation) or moving (scratch) tip and the tested surface, but also the residual imprint left on the surface after indentation and the residual groove formed at the rear part of the indenter during scratch experiment, as shown by the different optical micrographs in Fig. 1 . Some examples of experimental scratches obtained at various contact pressures p m for two poly(methyl methacrylate) (PMMA) surfaces, exhibiting different local friction coefficients m loc can be observed. The main advantage of such a single probe system is that it deals with a direct estimation of the true projected contact area, A c , accounting for the sinking-in or piling-up phenomenon, and the viscoelastic recovery, without any help from a more or less appropriate analytical model. 6 As a function of the scratching conditions (tip geometry, scratching velocity, normal load, temperature), we can follow the evolution of the true average contact pressure p m , 5 and also determine the local friction, noted as m loc from the apparent friction coefficient, m app , defined by the ratio of the lateral force, F t , on the normal applied load, F n . 7 The second problem in the identification of the rheological parameters of a given polymeric surface is the definition of strain imposed during indentation and scratch experiments, called the representative strain. Classically, for a spherical indenter, whatever the tested material and the nature of the contact, different authors have defined the representative strain using the following equation, as initially introduced by Tabor 8 :
with a c , the true contact radius between the indenter and the surface; R, the radius of the indenter; and b, the contact angle between the spherical indenter and the tested material surface. Due to the limitation of the sine function, the previous relationship is only available for a geometrical strain, a/R, less than 0.3. That is the reason why Eq. (1) has been widely used for metallic surfaces, for which the contact is rapidly fully plastic, because of the high ratio of E/s y for such materials. However, recently Gauthier et al. 9 have shown a first approximation for polymeric surfaces and during scratch experiments that the representative strain is proportional to the geometrical strain a/R, using the tangent function. They demonstrated on several amorphous polymeric surfaces that the true strain can be obtained by using a strain proportional constant:
This equation covers a large range of true strain during indentation and scratch tests with a spherical indenter. However, as a function of the local friction coefficient, some discrepancies can be often observed, especially for a high value of friction coefficient during scratching. Hence, for a given ratio a/R, an increase in the local friction coefficient, obtained by modifying the surface preparation of the tested sample, 10 results in a more plastic contact with more pronounced lateral and frontal pileup and a important decrease in the viscoelastic recovery at the rear part of the contact. [11] [12] [13] Recently, using two-dimensional finite element modeling (FEM), elliptical contact pressure and shear stress distributions were used to model the contact between a spherical tip and a polymeric surface, whose flow stress was described by a G'sell-Jonas law.
14 Numerical simulations were performed to locate the boundaries (i) between elastic and elastic-plastic contact and (ii) between elastic-plastic and plastic contact, as described in Fig. 1 , where the normalized contact pressure is plotted against the local friction coefficient. Figure 1 clearly indicates that for a given normalized contact pressure, the contact yielding depends on the local friction coefficient. Thus, for a given tip radius, the yielding of the contact depends on both the normal load, which governs the "geometrical contact strain" (i.e., the ratio a/R) and the local friction coefficient m loc . As a result, the "representative scratching contact strain" must be defined as a function of these two variables:
These first results deduced from numerical simulations using a finite element approach are in good agreement with experimental observations from scratch tests, clearly showing the influence of the local friction coefficient on the contact geometry between the moving tip and the deformed surface, and also on the geometrical shape of the residual groove. For a given normalized FIG. 1. Boundaries between elastic and elastic-plastic contact and between elastic-plastic and plastic contact obtained by numerical simulation, 14 and in situ microscopy of experimental scratch tests performed with a smooth spherical tip at various normalized contact pressure p m /s y , for two PMMA surfaces at low (1a, 1b, 1c) and high (2a, 2b, 2c) local friction coefficients. contact pressure (defined by the ratio p m /s y , with p m , the projected average contact pressure, and s y , the yield stress estimated by compressive tests for similar temperature or average strain rate as the scratch experiments) of about 1.6 to 1.7, the contact appears more plastic for a PMMA surface with a local friction coefficient of 0.4, with no real elastic recovery at the rear part of the moving tip, and the formation of a continuous cord between lateral and frontal pile pads (Fig. 1) . The frontal pile zone appears to be less marked for a surface with low friction (0.15 m loc 0.2), than for a surface with high friction (m loc % 0.4). In the same way, the contact appears to be fully plastic at a normalized contact pressure of about 1.8 for a surface with high friction, although the nature of the contact is fully plastic for p m /s y near 2, for a low friction coefficient.
The main difficulty in analyzing indentation and more particularly scratch experiments on transparent polymeric surfaces results from delineation of the role of the local friction coefficient on the large plastic strain and strain rates beneath the static (indentation) or sliding (scratch) probe. Hence, the aim of this study deals with the definition of the representative strains during indentation and scratch tests with a spherical indenter on amorphous polymers, with E/s y 40. Using threedimensional (3D) FEM, we propose for elastic-plastic contacts during indentation and scratch: (i) a description of the plastic strain field beneath the indenter and (ii) the definition of an equivalent average plastic strain. By comparison with previous studies, 13, 14 using normal and shear stress distributions to reproduce contact during a scratch, a 3D displacement field using a rigid spherical indenter is imposed at constant penetration depth and a constant sliding velocity. Indentation and then scratch phases are successively reproduced by FEM. From our finite element approach, we describe the influences both of the geometrical contact strain (a/R) and the local friction coefficient (m loc ) on the plastic strain gradient beneath the tip and then on the representative strain during indentation and scratch. We propose analytical equations for the equivalent plastic strain as a function of the geometrical contact strain (with 0.2 a/R 0.45) and the local friction coefficient (with 0 m loc 0.6). These equations will be helpful to deduce an estimation of the true strain-stress curve of the tested polymeric surface from load-displacement curves obtained during indentation or scratch experiments with a spherical indenter.
II. EXPERIMENTAL DETAILS
Because of the inhomogeneous state of strain and strain rate, numerical simulations are required to improve interpretations of indentation or scratch into bulk materials and bilayer systems. Since the last decade, several authors have presented results obtained with FEM, especially for scratching with a conical indenter into polymers [15] [16] [17] and into metals, [18] [19] [20] and with a spherical indenter into polymers. 11, 12, 21 Hence, indentation and scratch tests for a spherical indenter with different radii R and different penetration depths h were modeled using a 3D finite element code. All calculations were carried out with the implicit FEM package MSC MARC. A schematic illustration of the finite element (FE) model for a ratio a/R equal to 0.3 is presented in Fig. 2 . To limit the number of elements, the domain is modeled as a quarter of a cylinder and a symmetry plane (A'ABB' plane x ¼ 0) has been introduced to allow the different nodes located in this plane to move only along the y axis and the z axis. In contrast to previous studies applying the FEM approach to scratch tests, [15] [16] [17] remeshing during simulation runs was not performed in the present work. Thus, a specific FE mesh defined by three zones having different sizes of bilinear isoparametric eight-noded brick elements, and using a linear interpolation function (full integration procedure), has been developed for each simulated ratio of a/R for frictionless contact and then for contact with a high local friction coefficient. Simulations required about 5240 elements for a ratio of a/R 0.3 and 10,873 elements for a/R ¼ 0.45. In the contact area, the dimensions of the smallest element were about 0.2 times the estimated contact radius a 0 during the indentation and scratching phases ( Table I ). The size of the domain was chosen to be sufficiently large so that boundary effects did not influence the results. The length of the domain for each model with L m /a 0 ! 18 has been validated for the case of purely elastic contact both during indentation and scratch tests, using several criterions, including the FIG. 2. Spherical indenter and mesh used in the simulation of indentation and scratching for a geometrical strain a/R = 0.3. evolution of the apparent friction coefficient, the contact geometry, and the stress field. To obtain different ratios a/R ranging from 0.2 to 0.45, the tip radius R and penetration depth h were selected to give for each value of a/R a constant contact radius in the range of 1 to 1.62 mm. The distance from an indentation to the edge of the sample (along the x axis) was more than 6 times the contact radius of the indentation (r m /a 0 ! 6) and the thickness of the sample (along the y axis) was at least 25 times the depth of penetration (r m /h ! 26). As boundary conditions, the x, y, and z displacements of the nodes on the cylindrical surface (C'CBB') were defined to be zero.
To reproduce elastic-plastic contacts, the problem was modeled as quasi-static and time independent, with no influence of the strain rate. To reproduce the experimental tests, the kinematics may be divided into two distinct phases: (i) a first step, corresponding to indentation (along the y axis) at a given maximum penetration depth h and (ii) a second step, corresponding to scratching (along the z axis) at a constant relative velocity V tip and the fixed indentation depth h. The length of the scratch L R was chosen so that the normal and tangential loads applied to the indenter reached a steady state, with L R /a 0 in the range of 5 to 8. The elastoplasticity was defined according to a bilinear von Mises model using isotropic hardening. Because PMMA has a very low hardening tendency at room temperature and small strain rate, a bilinear model with a constant tangent modulus provided a suitable fit for the material parameters. In the case of an elastic, linear hardening material, the stressstrain relation may be represented by
where E is the elastic modulus, s y the yield stress, e y the yield strain satisfying e y ¼ s y =E and E T the tangent modulus, corresponding to the constant work-hardening slope. The elastic modulus, yield stress, and tangent modulus were fixed at E ¼ 3.5 GPa, s y ¼ 100 MPa, and E T ¼ 350 MPa (Table II) . The contact between the spherical indenter and the surface of the sample was enforced using a penalty function method and a geometric description of slave and master surfaces. Unlike previous studies, [15] [16] [17] the interface between the rigid indenter and the deformable surface was not assumed to be frictionless. An isotropic Coulomb model was used to include frictional effects. As already reported by Lafaye et al., 7 the apparent friction coefficient m app defined by the ratio F t /F n is as a first approximation for scratching the sum of the local friction coefficient m loc and the ploughing term m def due to irreversible deformation.
The apparent friction appears to be equal to the local friction coefficient only for symmetric contact, corresponding to elastic sliding. However, for asymmetric contact (elastic-plastic and fully plastic scratching), the ploughing term cannot be neglected and the apparent friction coefficient is greater than the local friction coefficient. A similar description of the overall friction coefficient m app has been used by Subhash and Zhang. 22 In the case of single-pass scratch tests on bilinear elasticplastic material using conical indenters with different apical angles, they have shown by FEM that the apparent friction coefficient is a function of an adhesive term, related to the interfacial friction coefficient m loc and of a plowing term, because of the resistance as the indenter plows into the material, and then related to the apical angle. Thus, the maximum local shear stress acting at the interface t c may be written as
where p is the local normal pressure and m loc the local friction coefficient between the surfaces in contact. The contact model was implemented in the context of a finite sliding formulation, where arbitrary sliding and rotation between the surfaces could occur. At each ratio of a/R, indentation and scratch simulations were performed for different values of the true friction coefficient in the range of 0 to 0.6, assumed to be constant and independent of the contact pressure. 
III. RESULTS
A. Influence of friction on the plastic strain
Indentation
In Fig. 3 (a), evolution of the maximum plastic strain during indentation is represented as a function of the local friction coefficient for different a/R. For given For higher values of friction coefficient, a significant and rapid increase in the maximum plastic strain can be observed, especially for geometrical strain a/R greater than 0.3. As described previously in Charrault et al., 10 the evolution of the maximum plastic strain can be expressed as a function of the true friction coefficient, over the simulated range (0 m loc 0.6) for a given ratio a/R, using an exponential growth law function. For a local friction coefficient greater than 0.5, the maximum plastic strain increases by a factor of 5 in comparison with frictionless contact, regardless of the imposed geometrical strain a/R.
However, the main consequence related to the increase in the local friction can be seen in the evolution of the size and of the plastic strain gradient beneath the spherical indenter in Figs. 3(b) and 3(c) . Indeed, the plastic strain maps at a/R ¼ 0.45 clearly show a reduction in depth of the strained volume and a shift in the location of the maximum plastic strain, with an increase in the local friction from m loc ¼ 0 to m loc ¼ 0.5. For frictionless contact [ Fig. 3(b) ], the maximum plastic strain does not reach the surface and is located at a depth of about y ¼ a/2, (with a, the true contact radius), as predicted by the Hertz theory. 23 In elastic contact theory, this point corresponds to the maximum shear stress, where plastic deformation may occur. When increasing the friction coefficient, the maximum plastic strain is located progressively nearer to the surface region, and the size of the plastic zone is reduced. Thus, in this small strained volume beneath the indenter, the plastic strain gradient is very large.
Scratch
For the scratch depicted in Fig. 4 , the effect of local friction appears to be quicker than for indentation, even at low geometrical strain. As described for indentation in the previous section and for scratching in Ref. 11 , the evolution of the maximum plastic strain beneath the spherical indenter can be described by an exponential law function and for high a/R of 0.45, the maximum plastic strain increases strongly with friction up to approximately 2 for m loc ¼ 0.6. However, for low local friction coefficient m loc 0.2, the evolution of the maximum plastic strain as a function of m loc can be described in first approximation by a linear function. In comparison with indentation, the slope of the linear function increases from 0.15 to 0.9 with the imposed mean geometrical strain a/R, respectively, for a/R ¼ 0.2 and a/R ¼ 0.45. For friction greater than 0.3, an increasing difference between values determined by FEM and the linear approximation can be noted. Note that a given value of the maximum plastic strain can be obtained for different scratching conditions (a/R, m loc ). This interesting phenomenon observed for indentation and clearly for scratching shows that the local friction plays an important role in the indentation and scratching behavior of polymeric surfaces (low ratio E/s y ). As suggested by previous studies, 11, 13, 14 the local friction seems to play a role similar to that of the mean geometrical contact strain a/R. Whatever the scratching conditions (a/R, m loc ), the maximum plastic strain beneath the moving tip during scratch is higher than values noted during indentation. Moreover, for frictionless contact m loc ¼ 0, the maximum plastic strain determined by FEM during scratching is approximately three times higher than the values estimated by the definition proposed by Tabor 8 for all simulated geometrical strain a/R. These high values of the maximum plastic strain determined by FEM do not seem obvious. Indeed, for a constant local friction coefficient m loc ¼ 0.3, our results for plastic strain maps and maximum plastic strain values obtained with the proposed finite element analysis are in good agreement with results found initially by Bucaille et al. 21 with FEM. For two different strain hardening coefficients, Bucaille et al., 21 assuming a flow stress described by a G'sell-Jonas law, have shown that the maximum plastic strain can vary between 0.01 and 0.03 for 0.15 a/R 0.17, for materials with low ratio E/s y and exhibiting respectively high and low strain hardening abilities.
For the plastic strain maps described in Figs. 4(b) and 4(c) for a/R ¼ 0.45, similar observations can be made for indentation in the previous section. With an increasing friction coefficient, a reduction in depth of the strained volume occurs, as reported by Felder and Bucaille, 16 for simulations of scratching with a conical indenter and friction coefficient varying between 0 and 0.2. Furthermore, as for indentation, a displacement of the point of maximum plastic strain can be observed. This point, initially located just beneath the indenter in a specific depth of about y ¼ a/2 for frictionless contact, moves to a point located directly on the surface just behind the moving tip at the rear part of the contact, as friction increases. It is interesting to note that for high friction coefficient the maximum plastic strain is located in a thin strained layer, in good agreement with results found in a previous study.
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The evolution of the plastic strain with the friction is not surprising and in good agreement with elastic solution proposed by Hamilton and Goodmann 23 for sliding contact. During elastic sliding by an indenter with a spherical tip, the distribution of the stress component and then of the corresponding strain on the surface of a semi-infinite solid are known and the influence of the true friction coefficient is clearly demonstrated. The effect of the local friction is to add a compressive stress (and strain) to the front edge of the circle of contact and to intensify the tensile stress (and strain) at the back edge. The maximum shear stress (and then by extension the plastic yielding) occurs for frictionless contact both in indentation and scratch below the surface at a specific depth y ¼ a/2. With increasing friction coefficient the original maximum moves closer to the surface, located at the back edge on the circumference of the circle of contact. Moreover, for elastic sliding, friction increases the maximum value of the shear stress, so that yielding will occur at lower load, i.e., at a lower ratio a/R.
B. Definition of an equivalent plastic strain
As reported by Felder and Bucaille, 16 a robust definition of the representative plastic strain during indentation and scratching is helpful for a better analysis of experimental indentation and scratch tests, especially for understanding the evolution of the contact pressure and more generally the hardness as a function of a/R for spherical tips, and as a function of the cone angle for a conical indenter. When estimating a volume average physical parameter, especially from FEM results, the first step consists of the definition of the representative volume in which the calculation will be performed. To define the size of the representative volume, and in particular the radius of the plastic zone, r p , the expanding cavity model, [24] [25] [26] initially developed for indentation into elastic-perfectly plastic material has been used. Recently, Gao et al. 27, 28 proposed an expanding cavity model incorporating both strain hardening and size effects for describing spherical indentation. Based on the strain gradient plasticity solution for an internally pressurized thick-walled spherical shell of linear elastic and power-law hardening materials, Gao et al. 27 showed that the radius of the plastic zone can be estimated in first approximation as a function of the radius of the contact:
The previous equation is in good agreement with the equation proposed by Johnson, 26 for a Poisson's ratio n ¼ 0.3. Using the mechanical properties introduced in FEM with E ¼ 3500 MPa and s y ¼ 100 MPa, the ratio r p /a varies between 1.2 and 1.6 as a function of the geometrical strain a/R over the range of 0.2 and 0.45. However, Pane and Blank 29 have also estimated the plastic zone dimension beneath a spherical tip during indentation of an elastic-plastic material for a given ratio E/s y , with and without strain-hardening behavior. For frictionless contact, when the deformation is in the fully plastic regime, the ratio r p /a is a function of the constraint factor introduced by Tabor 8 and defined by the ratio H/s y , with H, the hardness of the tested material. For elastic-perfectly plastic material (no strain hardening), Pane and Blank 29 have recently demonstrated that the radius of the plastic zone r p is about 2.2 times the contact radius, whatever the contact regime. For strain-hardening material, the ratio r p /a increases with the mean contact strain a/R for a given ratio E/s y , and can be greater than 3.
Hence, according to this last result, as shown in Fig. 5 , the representative volume beneath the spherical indenter, and affected by indentation and scratching has been defined in first approximation as a right-angled parallelepiped, whose characteristic length (L/2), width, and height (noted l) are proportional to the contact radius. According to Pane and Blank, 29 the half-length (L/2), the width, and the height have been chosen both for indentation [ Fig. 5(a) ] and also for scratching [ Fig. 5(b) ] to be three times the contact radius reported in Table I , for each simulated geometrical strain a/R. Thus, this defined parallelepiped box has be chosen to contain a hemispherical plastic zone of a radius r p ¼ 3a. Thus, the average equivalent plastic strain in this representative volume can be estimated using the following relationships:
where e i is the equivalent plastic strain at the centroid of element i, DV i is the volume of the element i, and m is the total number of elements used to calculate the average plastic strain. Thus, V p ¼ P m 1 DV i is the plastically deformed volume in the representative rightangled parallelepiped. Note that only elements in the representative volume, whose centroidal equivalent plastic value is above 0.002, are used to estimate the plastically deformed volume V p .
FIG. 5. Description of the representative volume used to estimate the average plastic strain imposed in Eq. (7) during (a) indentation and (b) scratch tests.
Similar methods have been previously used by Jarayaman et al. 30 and then Bucaille et al., 15, 16 for determining the average plastic strain from numerical simulations of indentation and scratching with a conical indenter assuming frictionless contact. The main difference between this study and these two previous works deals with the definition of the representative volume. Jayaraman et al. 30 and Bucaille et al. 15, 16 have used all elements in their FE model to compute the average plastic deformation. In our approach, the number of elements used to define the representative volume have been restricted to elements in a parallelepiped box located and centered just beneath the indenter at the end of the loading phase during indentation, and then at the end of the scratching phase. However, in the case of geometrically similar conical indenters for two cone angles y ¼ 70. 3 and y ¼ 42. 3 , Jayaraman et al. 30 have demonstrated that the calculated average plastic strain decreases with increasing strain-hardening exponent. Similarly, for scratching of an elastic-perfectly plastic material, Bucaille et al. 15 have observed that the volume average plastic deformation increases with the ratio E/s y for a given cone angle y. These two results confirm for frictionless contact that the plastic strain level imposed during indentation and scratching depends on the geometry of the indenter and on the properties of the tested material. Moreover, Felder and Bucaille 16 have noted that the volume average plastic deformation is higher in scratching than in indentation. Note that the volume average plastic deformation computed both for indentation and scratching is much higher than the representative strain for indentation pressure, as suggested by Johnson for a conical indenter. 26 C. Influence of friction on the equivalent plastic strain 1. Indentation Figure 6 describes the evolution of the average equivalent plastic strain estimated using Eq. (7), as a function of the friction coefficient at different geometrical strains a/R, for a representative volume whose characteristic dimensions (length L/2, width l, and height) are proportional to the imposed contact radius, with L/2 ¼ l ¼ 3a.
In the case of indentation, as mentioned previously in Fig. 3(a) describing the evolution of the maximum plastic strain, the average plastic strain increases slowly with friction for the different simulated geometrical strains a/R. The evolution of the average plastic strain appears to be less sensitive to the friction coefficient than maximum plastic strain values. This result is not obvious, because the estimation of the volume average plastic strain may be less sensitive to the local singularity and related geometrical nonlinearity, as compared to the maximum values.
For m loc 0.3, the evolution of the average plastic strain beneath the indenter can be approximated using a linear function [dashed lines in Fig. 6(a) ]. For this range of local friction coefficient, a good correlation between the values directly deduced from FEM using Eq. (7) and the linear approximation can be observed. For each ratio a/R, the slope is weak varying between 0.01 for a/R ¼ 0.2 and 0.02 for a/R ¼ 0.45, as mentioned for the maximum plastic strain values [see Fig. 3(a) ]. Hence, in this range of local friction coefficient, the average plastic strain during indentation can be assumed constant and independent of the local friction coefficient. For m loc 0.3, the average plastic strain seems to be directly related to the imposed geometrical strain. The values of the average plastic strain are 0.008, 0.023, and 0.039, respectively, for a/R ¼ 0.2, a/R ¼ 0.3, and a/R ¼ 0.45.
However, for local friction coefficient greater than 0.3, a more marked influence from the friction can be seen on the evolution of the average plastic strain, for all simulated ratios of a/R. To reproduce the evolution of the average plastic strain over the range of local friction coefficient (0 m loc 0.6), a more complex function has been introduced. Hence, the evolution of the average plastic strain as a function of the local FIG. 6 . Average plastic strain as a function of the friction coefficient for indentation at different geometrical strains a/R. Symbols and solid lines represent data obtained directly from FEM using Eqs. (7) and (8). Dashed and dotted lines represent respectively (a) linear approximation and (b) fit using Eq. (9). friction coefficient can be fitted using an exponential law function, as follows:
Where k I , e 0 I , a I , b I , and n I are fitting parameters, mainly functions of the geometrical strain. The previous fitting parameters for indentation as a function of a/R are grouped in Table III . We see good correlation between the fit with Eq. (8) and data deduced from FEM for all testing conditions (solid lines in Fig. 6 ). Notice that the mathematical shape of the previous equation allows one to take into account the theoretical case of frictionless contact, and in this case, the evolution of the average plastic strain is a linear function of the geometrical strain, as demonstrated by Tabor for metallic surfaces. 8 In first approximation, according to values grouped in Table III , the fitting parameters k I , e 0 I , b I , and n I can be considered as constant for the different simulated geometrical strain a/R. Only, the fitting parameter a I , decreasing from 0.7 to 0.1 with an increase in the ratio a/R, exhibits a pronounced dependence on the geometrical contact strain. By considering average values for each fitting parameter, a generalized function describing the evolution of the average plastic strain with the testing conditions (a/R, m loc ) can be proposed during indentation:
In Fig. 6(b) , for indentation, we have plotted the values of the average plastic strain deduced from FEM (symbols) and the approximation by Eq. (8) (solid lines) and by Eq. (9) (dotted lines). For a geometrical strain a/R 0.3, a correlation may be observed between data deduced from FEM and the approximation using Eq. (9). However, for a/R ¼ 0.45, the evolution of the average plastic strain with friction calculated using Eq. (9) yields an overestimation for m loc ! 0.3.
Scratch
Conversely, for scratching, the average equivalent plastic strain is mainly influenced by the friction coefficient even for a low geometrical strain a/R ¼ 0.2, as shown in Fig. 7 . This observation has been already demonstrated in Fig. 4 , indicating that the plastic strain field is more sensitive to the local friction during scratch than during indentation. However, as observed previously for indentation, the average plastic strain can be approximated by a linear function for low friction coefficient. For m loc 0.3, the evolution of the average plastic strain with the local friction coefficient for each simulated ratio a/R can be described by the following relationship:
where a s and (e p av ) 0 are two fitting parameters, depending on the imposed geometrical strain a/R. (e p av ) 0 corresponds to the average plastic strain for frictionless contact. By comparison with indentation, the slope a s cannot be considered as a constant and increases progressively with a/R, from 0.04 for a/R ¼ 0.2 to 0.1 for a/R ¼ 0.45. A good correlation is found between values deduced from FEM using Eq. (7) and linear approximation [dashed line in Fig. 7(a) ] using Eq. (10) .
To reproduce the evolution of the average plastic strain over the range of local friction coefficient, a more complex function has been introduced. To compare average plastic strain computed during indentation and during scratching, the same mathematical form is maintained. Hence, the evolution of the average plastic strain as a function of the local friction coefficient can be fitted using an exponential law function, as follows:
where k S e 0 S , a S , b S , and n S are fitting parameters mainly functions of the geometrical strain a/R. The previous parameters, as a function of imposed geometrical strain a/R, are grouped in Table IV . A good correlation can be found between the fit using Eq. (11) and data deduced from FEM for all scratching conditions (solid lines in Fig. 7) . As already noted for indentation, according to the values in Table III , the fitting parameters k S , e 0 S , b S , and n S can be considered in first approximation as constant for the different simulated geometrical strains a/R. By considering average values for each fitting parameters, a generalized function describing the evolution of the average plastic strain with the scratching conditions (a/R, m loc ) a can be proposed during scratch: 
In Fig. 7(b) for scratching, we have plotted the values of the average plastic strain deduced from FEM (symbols) and the approximation defined respectively by Eq. (11) (solid lines) and by Eq. (12) (dotted lines). For all geometrical strains a/R, the previous Eq. (12) yields a good approximation of the data obtained from FEM. However, for a/R ¼ 0.45, values of the average plastic strain with friction calculated with Eq. (12) overestimates the data from FEM.
Whatever the scratching conditions (a/R, m loc ), the values of the volume average plastic strain determined during scratching are higher than those during indentation. In Fig. 8(a) , we have represented the evolution of the ratio e , with average plastic strain determined directly from FEM using Eq. (7), and the solid line curves correspond to the ratio e , whose values of average plastic strain have been approximated using Eq. (12) and Eq. (9) respectively. For friction less than 0.4, the ratio between the average plastic strains measured in scratching and in indentation is constant for the different simulated geometrical strains, with e À Á I appears to be mainly dependent of the mean contact geometrical strain a/R for this range of friction coefficients (0.9 m loc 90.4). However, when the local friction is increased, i.e., when the contact becomes more plastic, the ratio e 75. This last result indicates that there is no real difference between indentation and scratching when the contact becomes fully plastic, i.e., when the plastic strain reaches the near surface region. Note that for metallic surfaces, this phenomenon of plasticity close to the surface in the contact area appears rapidly due to their high ratio of E/s y . For indentation and scratching experiments into elastic-perfectly plastic materials with a conical indenter and frictionless contact, Bucaille and Felder 16 have shown that the volume average plastic strain is 66% higher in scratching than in indentation. The ratio between the average plastic strains measured in scratching and in indentation is shown to be constant whatever the ratio of E/s y and cone angle, with e 8(b) shows the evolution of the volume average plastic strain during indentation and during scratch for frictionless contact (m loc ¼ 0). As predicted by the previous Eqs. (9) and (12), the evolution of the volume average plastic strain is seen to be a linear function of the mean geometrical contact strain a/R. For frictionless contact and more generally for low friction coefficient, the average plastic strain can be estimated using the following relationships for indentation and for scratching, respectively, 
The two Eqs. (13) and (14) are in good agreement with initial results found by Tabor 8 on metallic surfaces and with results recently presented for indentation by Ahn and Kwon 31 proposing a new definition of the representative strain during indentation using the tangent definition. Ahn and Kwon 31 found that the true strain can be deduced from the mean contact geometrical strain, by using a proportionality constant of about 0.14. It is also interesting to note that this observation deduced by numerical simulation is consistent with the experimental observation performed by Gauthier et al. 9 during scratch experiments with a sphere of different diameters on various amorphous polymeric surfaces, whose local friction determined by a specific inverse method 7 was in the range between 0.15 and 0.38.
IV. DISCUSSION
The estimation of the average plastic strain in indentation and in scratching is mainly based on Eq. (7) and in particular on the definition of the representative volume, i.e., all the elements beneath the indenter considered to be plastic during indentation or scratching. By comparison with the previous work of Bucaille et al. 15 in the case of scratching with a conical indenter, the estimation is performed on the entire domain, due to the use of a remeshing box, that modifies the number of elements in the contact zone as a function of the cone semiangle or the properties of the elastic-perfectly plastic material. To estimate a mean value of the deformation level, Bucaille et al. 15 have introduced a critical value of the equivalent plastic strain (noted e P c ) that is observed to depend mainly on the factor E=s y cot y. Only elements of the mesh for which the equivalent plastic strain involved during scratching varies between 0.1 e P c and e P c , are considered in the calculation of the volume average plastic strain. The critical value of the equivalent plastic strain is chosen arbitrarily, to limit numerical effect and to allow for a constant average plastic strain as the scratch length increases for a given cone angle and a given material. The main consequence of this specific procedure deals with the strong dependence between the estimated average plastic strain and the critical value e P c . To avoid such dependency, we propose in the present study to define a representative volume in which only elements with sufficient plastic strain are used to define the plastically deformed volume V p , as explained previously in Sec. III. B.
To show the influence of the size of the initial representative volume, the average plastic strain both in indentation and in scratching was estimated as a function of the friction coefficient for all simulated geometrical strains, for different representative volumes whose characteristic length (noted L/2), width, and height (noted l) have been varied. In Fig. 9 , we have represented for the simulation performed at a/R ¼ 0.3, three examples of representative volumes (V 2 , V 3 , and V 5 ) used to estimate the average plastic strain. The different parallelepiped boxes have been defined to contain hemispherical plastic zones of a radius r p varying between 0.9 and 3 times the contact radius, with an increasing number of elements beneath the spherical indenter, accounted for the calculation (see Table V Fig. 10(b) ]. For indentation, whatever the local friction coefficient, the estimation of the representative strain does not depend on the size of the representative volume with a characteristic length of 1.2 times the contact radius for a/R ¼ 0.3. Similar trends are observed for simulations performed at a/R ¼ 0.2 and a/R ¼ 0.45. In first approximation, for representative volumes whose characteristic length is greater than 1.5 times the contact radius (V 3 , V 4 , and V 5 ), the average plastic strain estimated using Eq. (7) for indentation is constant for a given local friction coefficient. In the same manner, for scratch [ Fig. 10(b) ], the values of the average plastic strain become independent of the size of the representative volume for a characteristic length of about 2 times the contact radius for a/R ¼ 0.3. In first approximation, the average plastic strain estimated using Eq. (7) for scratching is not really sensitive to the size of the representative volume when the characteristic length is greater than 2.5 times the contact radius.
The result in indentation is in good agreement with the expression recently proposed by Gao et al., 27, 28 for describing indentation deformation of a bilinear elasticplastic material by a spherical indenter. In scratching on polymeric materials with spherical indenter, our result indicates that the plastically deformed volume is higher than in indentation. However, it is not obvious to find that the size of the representative volume is higher in scratching than in indentation, caused by the highest values of equivalent plastic strain and to the corresponding plastic strain gradient during scratching, as observed in Figs. 3 and 4 .
V. CONCLUSIONS
In the present work, we have shown the influence of the local friction coefficient on material plastic flow during indentation and scratch tests, with a spherical indenter on an amorphous polymeric surface such as PMMA. Numerical simulations using 3D FEM have been performed assuming a two segment simplified constitutive law: linear elastic behavior followed by linear strain hardening. For geometrical strains a/R between 0.2 and 0.45, the friction at the interface between the indenter and the material was modeled with a Coulomb friction coefficient varying between 0 and 0.6. For a given geometrical strain a/R, the true friction coefficient between the moving spherical indenter and the elastic-plastic surface not only increases the maximum value of the equivalent plastic strain, but also modifies the shape of the plastically deformed volume and the corresponding plastic strain gradient in the contact zone and in the residual groove. We proposed an estimation of the average plastic strain based on the definition of a representative volume, whose characteristic length is 1.5 and 2.5 times the contact radius, respectively, for indentation and scratching, in good agreement with expanding cavity models in the literature. We demonstrated clearly that the average plastic strain both for indentation and scratch tests is a complex function of the geometrical strain and the local friction coefficient. Average plastic strain estimated during scratching is shown to be about 2 times higher than during indentation. Empirical functions describing the evolution of the average plastic strain as a function of the testing conditions (a/R, m loc ) are proposed for 0.2 a/R 0.45 and 0 m loc 0.6. However, in first approximation, for low friction coefficient m loc 0.3, the average plastic is proportional to the geometrical strain as initially proposed by Tabor.
